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Abstract: Five dimensional Kaluza-Klein cosmological model is
investigated in the framework of Lyra’smanifold in the presence
of massive scalar field.Exact solutions to the field equations are
derived. Some physical & kinematical properties of the modelare
also discussed.
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I. INTRODUCTION

Kaluza(1921)and Klein (1926) have proposed a hypothesis to bind
together the fundamental forces in nature to be specific gravitation
and electromagnetism. This hypothesis from a specific perspective
takes after the ordinary gravity in free space aside from that it is
expressed in five dimension instead of four dimension. This
hypothesis prompts a fascinating chance known as "cosmological
reduction process” in which the size of additional dimensions
becomes so small as to be imperceptible by experiencing contraction.
Chodos and Detweller (1980) and Freund and Hawking examined
such cosmological models and have demonstrated that the additional
dimensions are inconspicuous because of dynamical contraction.
Appelquistet al. (1987) has additionally explored some cosmological
models in five dimensional Kaluza-Klein space-time. Kaluza-Klein
cosmological models have been examined by a few creators
inmodified theories of gravity are Samantaet.al.(2016), Aditya
et.al.(2019),Naidu et.al (2021), Reddy et.al.(2019).

In recent, years there has been a massive interest in the examination
of scalar fields as a result of the way that they assume a significant
part in cosmology. Genuinely the represent matter fields with spin
less quanta and portray gravitational field in free space. It is
additionally notable that they cause accelerated expansion of the
universe. Scalar fields can be characterized into two classes. They are
mass less (zero mass) scalar fields and massive scalar fields. Massless
scalar fields gives long range interactions and massive scalar fields
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portray short range interactions. Here we are interested inthe zero
mass scalar fields.Aygunet.al (2012) investigated the massive scalar
field for a Marder type universe in the framework of Lyra and
Riemannian geometries. Also, detailed discussion of massless scalar
field is contained in the work of Venkateswarlu (2015), Staykovet al.
(2018).

Lyra (1951) proposed an alteration of Riemannian geometry by
introducing gauge function into the structure less manifold, because
of which the cosmological constant emerges naturally from the
geometry. This bears a wonderful similarity to Weyl's (1918)
geometry. In resulting examinations Sen (1957) and Sen and Dunn
(1971) formed another scalar-tensor theory of gravitation and built an
analogof the Einstein field equations depend on Lyra's geometry.
Halford (1972) has demonstrated that the scalar-tensor treatment
depend on Lyra's geometry predicts similar impacts as in
generalrelativity.KalyaniDesikan (2020) has examined cosmological
models in Lyra geometry with time varying displacement field. Also
D C Mauryaet.al. (2019), D.D.Pawaret. al. (2020) havediscussed
cosmological model in Lyra geometry and massless scalar field.

The purpose of this paper is to investigate the role of a massive scalar
field distribution for Lyra’s geometries with the aid of Kaluza-Klein
space time.

Il. THE METRIC AND FIELD EQUATIONS

We consider five- dimensional Kaluza-Klein metric in the form,
ds® = dt? — A% (t)(dx* + dy® + dz*) - B*(t)d ¢’ (1)

Where, A and B are functions of cosmic time t and fifth coordinate
@ s space-like.

106



The relativistic field equations in normal gauge in Lyra’s manifold
are as,

1 3 .
Rij _Egin+5¢'¢j — gij¢k¢k = —'I'ij (2)Where¢|s a

displacement vector field and the other symbols have their usual
meaning as in Riemannian geometry. We now assume the vector

displacement field,Bto be the time like constant vector.

¢,=(ﬂ(t),0,0,0,0)(3)ﬂ=,B(t)is a function of time

alone.

The energy momentum tensor for massive scalar field is given by,

ij N

T =VV. —%gij (\/ka’k -M 2\/2)(4)

WhereV s the massive scalar field and a function oft. M is the

mass of a zero-spin particle ,the scalar field V  satisfies the
following Klein-Gordon wave equation:

9"V +MV =00

The field equations (2) and (3) for the metric (1), with the help of (4)
can explicitly be written as

A

— |=—+
AB 2 2

.\ 2 . . o 2
3[AJ LAB|_V? M A/ +%ﬂ2(6)

2—+ —t—=——+ —=
A AB B 2 2 4

A

. « N2 o . .. ) 2
A (A] L ,A8 BV M 3[}2(7)

. . \2 2o 2
3| A A =—V—+M2V —§ﬂ2(8)
A LA 2 2 4

From equation (5), we have

\7+\/'(3A+E)+M2V =0
A B )
1. SOLUTIONS OF THE FIELD EQUATIONS

Here, we have three independent field equations (6) to (8) connecting
four unknownparameters A, B, ,B,V and therefore in order to obtain
exact solution. We assume a functional relationship between the
metric coefficient Aand B of the form,
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A=B"(10)
where ‘N * is an arbitrary constant.

Using this relation, the field equations (6) to (8) admit the exact
solution and we obtain metric coefficient as

1

1
A=(n+3)m3 (kt+k, )3 (11)

B :(n+3)% (klt+k2)$ (12)

Usingequation (11) and (12) in equations (6) to (8), we obtain two
equations as follows

3k? (n+1) _\£+ M2V? +§ﬂ2

(n+3) (kt+k,)” 2 2 4

-3k% (n+1)  V? L MAV® 3

2
= —Z B2 4
ey 22 4

13

From equations (13) and (14) we obtain

MA/2 =0(1s5)

Then there are arises two cases
(i)Massless scalar field and
(if)VVacuum solutions

(i) Massless scalar field : In this case, we have from equation (15)

obtain M = Ousing in the Klein-Gordon equation (9), the scalar
field function is obtain as follows:

v-_K log (k,t +k,)+k, (16)

(n+3)

Where k3 and k4 are arbitrary integration constants. Also, using
equations (11),(12) and M =0 in field equations (6) to (8),the

. : 2 Lo .
displacement field /3 function is obtain as follows:

2 2
2 :g{ 3Kk% (n+1) - k%, }(17)

(n+3)*(kt+k,)?

(ii) Vacuum solutions:
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In this case, we haveV = 0 from equation (15) , using in the Klein-
Gordon equation (9), the scalar field function is vanish and we obtain
the vacuum solution for the kaluza-klein universe in Lyra geometry.

- 2 . . .
In the vacuum solution , 3 function is obtain as follows:

vacuum

41 3K (n+1)

P e =
vacuum

3| (n+3)" (kt+k,)’

(18)

Now using equation (11) and (12) five-dimensional kaluza-klein
cosmological model can be written as;
2

ds? = dt® — P2(k,t +k,) " (dx? + dy? +dz?)
2n

—R2(k,t+k,)"?dg?
1 2

1
Where, P = (n+3)"3% R = P"

This model can be transformed through a proper choice of
coordinates to the form

dT? 2 n
2 2 2 2 2 2 2
ds :k_Z_P T”+3(dx +dy” +dz )—R T™de” (19)
1
where T =Kt +k,
IV.THE PHYSICAL AND KINEMATICAL PROPERTIES

In this section, we discuss some physical and kinematical properties
of the Kaluza-Klein model (19).

spatialVolume :V = RP*T (20

A B Kk
Expansion Scalar : € = BK + E = ?1 (21)
1A B|
Hubble Parameter: H = = 3—+ — | = —% (22)
4/ A B a7
k? -3
Shear Scalar : 0% = Lz) = k—32 (23)
3(n +3) T2 T
Vorticity : @y, = 0y, = W33 = @,, =0 24)
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It may be observed that initial moment when T — O'the spatial
volume will be zero and scalar expansion , shear scalar and Hubble

parameter tends to co. For large values of T , we observe that scalar
expansion ,shear scalar, Hubble parameter becomes zero.Here

2
(o2
(?J does not vanish for a large value of T which implies that

the model (19) anisotropic and does not approach isotropy. Vorticity
of model along X, Y,Z and t is zero. So, the obtained model is

non-rotating.From equations (17) and (18) , the ﬂz and ﬁz

functions decrease with time and from equations (16) and (17) obtain

vacuum

. . ; 2 .
the relation between the displacement field /3 and the scalar field

V as follows

4| 3k%(n+1)-k°
ﬂz = 5{ (n+ 31)2e2(v—k4)(n+3:)”/k3 (25)

Graphically, variation of displacement field ,32 and the scalar field

V are as follows.
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Fig.1:variations of beta in lyra geometry
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Fig.2: variations of vin lyra geometry

From the figure there is an inverse relation between displacement

field /37 and scalar field V .

The graphical representation of Spatial volume, Hubble parameter,
Expansion Scalar, Shear Scalar are as follows

spatial_volume
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T

Fig.3: Spatial volume vs Time
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CONCLUSION

In this paper, we found exact solutionsof thefive dimensional Kaluza-
Klein space time with a massive scalar field distribution in presence
of Lyra’s Manifold. Here, we have investigated two cases i.e. a
massless scalar field and a vacuum solution. From equation (15) it is
obvious that, a massive scalar field does not exist in the Lyra
manifold.
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